ABSTRACT In this work, the buoyancy-driven unsteady flow of Casson nanofluid is analyzed. The effects of Brownian motion and thermophoresis on the flow fields are studied in the presence of magnetic field. Moreover, the convective boundary conditions on temperature and concentration walls are also considered. The similarity solutions are obtained numerically through Keller-box scheme. The accuracy of numerical results is verified via comparison with the results of accessible literature. Investigations perceived that the dimensionless temperature is not much affected with Brownian motion and thermophoretic parameters, whereas the impact of both parameters is noted stronger on nanoparticles concentration. The velocity field is observed more pronounced with the strength of magnetic parameter. Also, the influence of Casson fluid parameter on velocity and nanoparticle concentration is noticed opposite. The influence of magnetic parameter on velocity and temperature is seen more pronounced as compared to nanoparticle concentration. Further, the impact of Biot number on dimensionless temperature and nanoparticles concentration is found identical for both steady and unsteady flows. A reduction in velocity field is also observed with increment in slip parameter.
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Thermal conductivity k 1 Variable permeability of porous medium k 2 Constant reaction rate k c In the last few decades, the study of non-Newtonian fluid in the boundary layer problems is quiet significant because of its extensive applications in the polymer industry, food industry, paper production, and several other related industries. In fact, there is not even a single existing model can overcome all the physical properties of non-Newtonian fluids. For this purpose, several models including Maxwell model, Williamson model, Walter-B model, viscoelastic model, power law model etc. are proposed for the analysis of non-Newtonian fluids.
Casson model is also one of the non-Newtonian fluid models which have shear thinning properties and exhibit yield stress. Due to its unique property, it becomes a preferred rheological model for human blood, because red blood cells in human body form rouleaux that produce yield stress. [1] studied the blood flow of Casson fluid through a stenosed artery. Nanotechnology has been widely utilized in industries because nanometer-size particles own several physical and chemical properties. The application of ''nanofluid'' is likewise useful to reduce the friction and wear, reducing, operation of components such as pumps and compressors, and eventually leading to save more than 6% fuel. It is acceptable that larger development of savings could be obtained in the future. The emergence of nanofluids is a focus of attention in the investigation of nanofluid flow in the presence of nanoparticles. Nanofluid includes nanometer sized particles which are suspended inside the base fluid. Nanofluids are engineered colloids comprise of base fluid and nanoparticles. They have number of general uses including industrial cooling, vehicle cooling, generating new types of fuel, hybrid powered engines, pharmaceuticals, electrical generating fuel reduction, cancer therapy, imaging and sensing. Convectional heat transfer fluids such as oil, water and ethylene glycol mixture have a thermal conductivity of vital importance for the heat transfer coefficient between medium and surface heat transfer. This new kind of fluid was first observed by [2] for the thermal conductivity enhancement of ordinary fluids. The exact thermal transport mechanism in nanofluid is however not always but predicted as it relies distinctly on several other structures, such as particle size, shape, surfactant effect, particle scattering and thermal properties of scattered particles. Beside advancement, nanofluids routinely use in biomedical to marking the tumor cells by methods for nano-scale drug delivery system and moreover break down the circulatory system blockage in the supply courses through thallium examine (radioactive tracer). Renewable energy is another basic and significant utilization of nanofluid to filter the waste materials. Likewise, the fluids with high conductivity are essential in heat transfer employment. In view of this, the convective transport in nanofluid was further investigated by [3] . In his novel work, author examined the seven slip mechanism which includes inertia, diffusiophoresis, magnetic effect, Brownian diffusion, thermophoresis, fluid drainage and gravity settling, and as a result concluded that only Brownian diffusion and thermophoresis may be used to enhance the thermal conductivity of base fluids. On the premise of these findings, the author further proceeded to write down the conservation equations and proposed a new model which is referred to as Buongiorno's model within the literature. Some related work on nanofluid can be seen in [4] - [6] . On the other hand, boundary layer flow of Newtonian and non-Newtonian fluids because of stretching sheet play a crucial role in various engineering approaches, as an instance, annealing and tinning of copper wires, glass glowing, extrusion of polymer sheet from a dye or in drawing of plastic films. [7] analyzed the heat transfer features on viscous fluid caused by stretching sheet whose velocity has a nonlinear relation with distance x from the fixed point. [8] explored the effects of thermal radiation on Newtonian flow towards nonlinearly stretching sheet. The author also studied the prescribed surface temperature and prescribed heat flux cases. Motivated via this, [9] investigated the impact of magnetic field on stagnation point flow of non-Newtonian micropolar fluid precipitated due to nonlinearly stretching sheet numerically. The heat transfer flow of a viscous fluid past a nonlinearly stretching sheet in the presence of variable wall temperature using similarity transformations has been reported by [10] , [11] examined the two dimensional flow of nanofluid over nonlinearly stretching sheet by employing Buongiorno model. Keeping in view its applications, [12] , [13] discussed laminar flow of Casson fluid towards nonlinearly stretching sheet in the absence and presence of hydrodynamic slip condition. [14] provided analytical solutions of steady state flow of Sisko fluid prompted due to nonlinearly stretching sheet submerged in nanofluid. [15] suggested electrically conducting flow of second grade nanofluid generated due to nonlinearly stretching sheet.
Free or natural convection is frequently encountered in numerous engineering problems. Certainly, the nonuniformity of fluid temperature results into free convection and there exists an acceleration field known as gravity. In a few applications, it could be disregarded due to low heat transfer but in others, it may be paramount. In general, free convection relies upon on surface geometry, temperature variation on surface and thermo-physical properties of fluid. The free convection flow through porous medium have been the interest of many researchers due to its importance to thermal insulation, nuclear waste water disposal, geothermal system, heat insulation, transpiration cooling, enhanced recovery of petroleum resources, etc. Keeping in view its applications, [16] investigated heat and mass transfer characteristics of free convection flow of a viscous fluid saturated in a porous medium in the presence of heat generation. The laminar boundary layer flow of free convection flow of viscous fluid past a permeable stretching sheet embedded in a porous medium under the influence of magnetic field has been presented by [17] , [18] analyzed thermally stratified free convection flow of nanofluid caused by vertical plate placed inside a porous medium in the presence of convective boundary condition. The influence of chemical reaction on MHD flow of Newtonian fluid due to moving plate has been explored by [19] .
Aforementioned literature survey dealt with steady flows only, but in many physical problems of interest the stretching sheet and surrounding fluid abruptly start movement at the same time and meanwhile temperature and concentration of the sheet appear as a function of time. [20] developed two dimensional unsteady flow of viscous fluid towards stretching sheet using similarity transformations. Afterwards, [21] theoretically studied the chemically reactive unsteady free convection flow generated due to stretching surface submerged in a porous medium. The heat transfer flow of Casson fluid due to impulsively started moving plate in the presence of viscous dissipation has been investigated by [22] . The influence of thermal stratification on hydromagnetic unsteady flow past a stretching sheet in the presence of chemical reaction was discussed by [23] . Moreover, [24] explored unsteady boundary layer flow over a stretching sheet using Casson fluid model. In the same year, [25] extended the work of [24] and investigated the effect of thermal radiation on unsteady flow of Casson fluid because of porous stretching sheet. Motivated by this, [26] followed the Buongiorno model and studied two dimensional unsteady flow of nanofluid induced caused by stretching sheet under the influence of thermal radiation. [27] investigated the effect of velocity slip on hydromagnetic unsteady flow of Casson fluid towards a stretching sheet subject to suction or blowing. [28] explored the Soret and Dufour effects on electrically conducting unsteady flow of Casson nanofluid due to stretching sheet under the influence of thermal radiation and convective boundary condition.
The above literature assessment exhibits that most of the work reported on unsteady flow is carried out for linearly stretching sheet. Up to now, no strive has been yet considered to explore the unsteady flow of Casson nanofluid caused by nonlinearly stretching sheet. Moreover, the interaction of hydrodynamic slip and convective boundary conditions with thermal radiation within the unsteady flow of Casson nanofluid over nonlinearly stretching sheet makes this study more interesting. It is worth mentioning here that energy deficiency is of great challenge in numerous areas nowadays. A desperate need is to build up some reasonable models that can supplant the conventional ones to adapt up to the deficiency issue. Solar energy is these days a brand new form of sustainable energy and has received some significance. The thermal radiation is likewise a shape of sun energy that has several applications in heating and cooling chambers, astrophysical flows and solar power technology. Numerical solutions of highly nonlinear governing equations after transformation are determined by usage of Keller-box method [29] . The numerical results for velocity, temperature and nanoparticles concentration profiles are acquired and displayed graphically. Furthermore, wall shear stress, heat and mass transfer rates are analyzed with the aid of plotting the graphs of skin friction coefficient, Nusselt number and Sherwood number against some physical particles.
II. MATHEMATICAL FORMULATION
The unsteady incompressible mixed convection flow of Casson nanofluid caused by nonlinearly stretching sheet saturated in a porous medium is considered. The x−axis is considered along the direction of stretching sheet and y−axis is perpendicular to the sheet (see Fig. 1 ). The velocity of stretching sheet is u w (x, t) = cx n / (1 − γ t) , where c, γ ≥ 0 are constants, t is time and n(> 0) represents the nonlinearly stretching sheet parameter. A transverse magnetic field
(being the function of x and t) is applied perpendicular to the stretching sheet with strength B 0 .
Following [30] and [31] , the governing equations for Casson nanofluid are given as
where u and υ are the velocity components in x and y direction respectively, ν is kinematic viscosity, σ is the electrically conductivity, β is the Casson parameter, ρ f is the fluid density, φ is the porosity,
is the variable permeability of porous medium, g is the gravitational force due to acceleration, ρ p is the density of nanoparticles,
is the thermal diffusivity of the Casson fluid, k is the
is the ratio of heat capacities in which (ρc) f is the heat capacity of the fluid and (ρc) p is the effective heat capacity of nanoparticles material, D B is the Brownian diffusion coefficient, D T is the thermophoretic diffusion coefficient, q r is the radiative heat flux and k c (x, t) = ak 2 x n x(1−γ t) is the variable rate of chemical reaction k 2 is a constant reaction rate and a is the reference length along the flow.
The corresponding boundary conditions are given in (5)- (7), as shown at the bottom of this page, Here
represents the convective heat and mass transfer with
with C 0 being reference concentration. The expressions
The radiative heat flux q r in the energy equation is described by Rosseland approximation [32] ,
where σ * is the Stefan-Boltzmann constant and k * 1 is the mean absorption coefficient. T 4 can be expressed as linear function of temperature. We expand T 4 in a Taylor series about T ∞ and neglecting higher terms, obtained
Incorporating Eq. (8) and Eq. (9) in Eq. (3), we obtain
Now introduce the following similarity variables:
where ψ is the stream function and defined as u = ∂ψ ∂y and υ = − ∂ψ ∂x .
VOLUME 7, 2019
The system of Eqs. (3-7) and Eq. (10) can be expressed as
1
where
is a thermal buoyancy
is a concentration
is a slip parameter,
is the Brownian motion parameter,
is the thermophoresis parameter,
is the Lewis number and R = 2ak 2 (n+1)c is the chemical reaction parameter.
The important physical parameters are dimensionless skin friction coefficient, the local Nusselt number and local Sherwood number and are defined by:
,
and 
are the shear stress, surface heat and mass fluxes, respectively.
is the local Reynolds number.
III. RESULTS AND DISCUSSION
In the present study, unsteady mixed convection flow of Casson nanofluid due to nonlinearly stretching sheet through porous medium under the influence of magnetic field and chemical reaction is Tables 1 and 2 present the comparison of skin friction coefficient for different values of β, M and A, respectively, with the results of [4] , [28] , [21] , [20] and [24] . The results showed an excellent agreement. Table 3 presents the comparison of Nusselt number for increasing values of Pr with the results of [33] , [23] and [34] , and revealed in a good agreement. Table 4 shows the variation of skin friction coefficient, Nusselt and Sherwood numbers for various parameters for the present study. 
FIGURE 2. Effect of unsteadiness parameter (A) on velocity for two different values of nonlinear stretching parameter (n).
Figs. (2-5) demonstrate the effects of A, β, M and δ on velocity profile. Fig. 2 reveals that for both linear and nonlinear stretching sheet, the fluid velocity reduces as A increases up to a certain distance η whereas, it starts increasing far away from the wall. Also, the thickness of momentum boundary layer reduces faster in case of unsteady flow as compared to steady flow. A similar trend was observed by [20] for unsteady Newtonian fluid and by [25] and [27] for unsteady Casson fluid. Clearly, Fig. 3 describes that fluid velocity fall for higher values of β in both cases of A = 0 and A = 0. Due to the inverse relation of β with yield stress lead to the fact that increasing β decrease the yield stress and resulting a reduction in momentum boundary layer thickness. Increasing the Casson parameter also reduces fluid plasticity. Fig. 4 exhibits the influence of M on fluid velocity for both A = 0 and to that of drag force, produces in electrically conducting fluid as magnetic field applied to flow. This force slows down the fluid flow across the boundary region. Consequently, momentum boundary layer becomes thinner. The influence of δ on velocity profile for K = 0 and K = 0 is presented in Fig. 5 . It is seen that increasing values of δ decelerates the fluid velocity sharply in the vicinity of stretching sheet. Physically, this show that fluid velocity adjacent to the sheet is less than the velocity of normal stretching sheet as slip (δ = 0) occurs. Increasing δ allowed more fluid slipping over the sheet and the flow drops faster near the sheet. Further, it can be explained as that the fluid velocity near the sheet is no longer equal to the sheet stretching velocity as the slip occurs; therefore, there is indeed a velocity. A same kind of flow pattern was noticed by [25] and [27] in their work.
Figs. (6) (7) (8) (9) (10) (11) (12) (13) (14) (15) (16) (17) elucidate the variation of A, β, M , δ, Pr, R d , N b , N t , Bi 1 , Bi 2 , Le and R on temperature and nanoparticles concentration profiles. Fig. 6 portrays ''the effect of A on dimensionless temperature and nanoparticles concentration layer thicknesses also reduce as A increases. A similar flow patterns can be observed in the work of [26] and [28] for both profiles. It is evident from Fig. 7 that the temperature as well as nanoparticles concentration are higher for large values of β. It is also observed that the thermal and concentration boundary layer thicknesses are thicker in the case of Newtonian fluid in comparison with Casson fluid. Clearly, Fig. 8 shows that both temperature and nanoparticles concentration enhance with increase in M . One possible reason of this behavior is that temperature and concentration gradients decrease as current passing through moving fluids and results a rise in thermal and concentration boundary layer thicknesses. From Fig. 9 , it is determined that both temperature and nanoparticles concentration profiles rise as δ increase. Further, an increase in related boundary layer thicknesses is also noted. Fig. 10 demonstrates the variation of Pr on temperature and nanoparticles concentration. Interestingly, dimensionless temperature falls whereas nanoparticles concentration enhances near the wall and decrease far away as Pr increase. This phenomenon is an agreement with the fact that low thermal conductivity of fluid associated with larger Pr, which decreases conduction. Consequently, thermal boundary layer thickness decreases and concentration boundary layer thickness increases. In other words, an increasing Prandtl number means decelerate the thermal diffusion rate. On the other hand, the influence of R d on temperature and nanoparticles concentration is quite opposite to this, i.e. increasing values of R d enhance the temperature whereas the nanoparticles concentration reduces (see Fig. 11 ). It is obvious, as higher radiation tends to release heat energy to the moving fluid in the boundary layer region and as a consequence thickness of thermal boundary layer increases. Fig. 12 elucidates the variation of N b on dimensionless temperature and nanoparticles concentration profiles. It is interesting to note that temperature is an increasing function whereas nanoparticles concentration is decreasing function of N b . This is due to the fact that nanofluid is a two phase fluid where the random motion of nanoparticles enhances the energy rate. Consequently, temperature is higher as N b increase. It is also observed that nanoparticles concentration gets peak values near the wall for weaker N b and gradually decrease for stronger values of N b . Conversely, both temperature and nanoparticles concentration distributions are increasing functions of N t (see Fig. 13 ). However, increasing values of N t have no significant impact on temperature profile. Since nanoparticles concentration is a strong function of N t therefore strength of N t offer strong influence on nanoparticles concentration. The peak values of nanoparticles concentration near the wall indicate that nanoparticles volume fraction at the surface is lower than nanoparticles volume fraction adjacent to the sheet. Eventually, it is established that VOLUME 7, 2019 because of thermophoretic effect nanoparticles transmit to the stretching sheet. It is also noted that concentration boundary layer thickness increase rapidly with N t . A same kind of behavior for both N b and N t on temperature and nanoparticles concentration profiles have been reported by [14] , [26] and [28] for Sisko nanofluid, Newtonian nanofluid and Casson nanofluid, respectively. Fig. 14 portrays the effect of Bi 1 on dimensionless temperature profile for A = 0 and A = 0. It is worth mentioning here that Bi 1 > 0.1 is considered. As it is well known fact that internal resistance to heat transfer is negligible when Bi 1 < 0.1 which describes that k is much larger than h f . On the other hand, strong Bi 1 corresponds to effective internal diffusion resistance. It is evident from this figure that for both A = 0 and A = 0 dimensionless temperature grows as Bi 1 increase. Indeed, stronger Bi 1 implies that surface internal thermal resistance is higher than thermal resistance of boundary layer. Accordingly, larger Bi 1 intensify the temperature across the boundary layer. A same physical significance may be given for the variation of Bi 2 on nanoparticles concentration profile as displayed graphically in Fig. 15 . Since the inverse relation of Bi 2 with Brownian diffusivity coefficient suggests that momentum diffusivity is higher than thermal diffusivity. Subsequently, nanoparticles concentration rise and associated boundary layer thickness also increased. Fig. 16 displays the effect of Le on nanoparticles concentration profile for both R d = 0 and R d = 0. In both cases nanoparticles concentration is found reduced as Le increased. In fact, increasing values of Le give rise to enhance the mass transfer rate. As a consequence, concentration gradient rises at the stretching sheet surface and causes concentration boundary layer thinner and molecular diffusivity weaker. The influence of R on nanoparticles concentration for both A = 0 and A = 0 is exhibited in Fig. 17 . It is noteworthy that R > 0 corresponds to destructive chemical reaction and R = 0 indicates no chemical reaction. It is seen that in both cases increasing values of R decelerates the nanoparticles concentration. This is an agreement with the fact that fast reaction weakens concentration of nanoparticles and the associated boundary layer becomes thinner. Figs. (18) (19) (20) (21) (22) are plotted to get insight of the variations of skin friction coefficient, local Nusselt number and Sherwood in heat transfer rate. Fig. 21 portrays the effect of β, A and R on Sherwood number. It is seen that mass transfer rate increases as A and R increase while reduces with increase in β. It is also determined from this figure that mass transfer rate in the case of Casson fluid is higher in comparison with viscous fluid. Finally, Fig. 22 exhibits the variation of local Sherwood number for increasing values of N t , N b and Bi 2 . Interestingly, mass transfer rate is found as an increasing function of N b and Bi 2 whereas increasing values of N t reduce the mass transfer rate. Since thermophoresis assists to heat up the boundary layer for smaller values of Le. Thus, it can be illustrated that mass transfer rate reduce as N t increase. All these observations are consistent with the results shown in Table 4 .
IV. CONCLUSION AND FUTURE WORK
In present work the effects of chemical reaction and thermal radiation on unsteady free convection flow of Casson nanofluid as a result of nonlinearly stretching sheet saturated in a porous medium are investigated numerically. The highly nonlinear governing equations are first transformed using similarity transformations and then solved numerically by Keller-box method. Numerical computations for velocity, temperature and nanoparticles concentration profiles as well as for surface shear stress, heat and mass transfer rates are carried out through MATLAB software and offered graphically. Moreover, present approach is validated through comparison with previously reported results and perceived in good agreement amongst them. Further, the novelty of this study is to investigate the effects of slip and magnetic parameters on unsteady free convection flow of Casson nanofluid in the presence of thermal radiation. A few interesting observations from present work are stated as 1. The fluid velocity, temperature and nanoparticles concentration are found to be decreased with increase in unsteadiness parameter. 2. The fluid velocity is observed as decreasing function of Casson fluid parameter whereas reverse trend was noticed in temperature and nanoparticles concentration. 3. Both dimensionless temperature and nanoparticles concentration are an increasing function of velocity slip parameter. 4. The temperature is found to be enhanced while nanoparticles concentration reduced with increase in Brownian motion parameter. 5. Both temperature and nanoparticles concentration are higher for higher values of thermophoresis parameter. 6. The heat transfer rate lower for large values of both Brownian motion and thermophoresis parameters. 7. The mass transfer rate rises as Brownian motion parameter increases whilst reduces with increase in thermophoresis parameter.
The advantages of nanofluid cooling are helpful, inclusive of dramatic enhancement of cooling rates while operating the advanced cooling system at room temperature. Many industries are benefiting from the use of nanofluids, but the development of the field faces several challenges: (i) the lack of agreement between experimental results from different investigators; (ii) the bad characterization of suspensions; and (iii) loss of theoretical knowledge of the mechanisms. The current study is valid for the unsteady free convection flow of Casson nanofluid over a nonlinear stretching sheet. The unsteady mixed convection flow of non-Newtonian nanofluids over different geometries will be investigated in future work. It's far worth bringing up here that present work may be extended to numerous different non-Newtonian fluids, for instance, Walter's B fluid, Williamson fluid, micropolar fluid, Sisko fluid and Carreau fluid. On the other hand, the present study will be of great help and interest to those interested in unsteady mixed convection flow of non-Newtonian fluids in the presence of suspended nanoparticles.
